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while the distance reflected in a one-dimensional finite 
difference approximation is limited by the criterion 
hL/k 2 1/20[3].Sincethepresent results allow Bi = 4at least, 
d&L x 50 or more. Because the time spent computing the 
distance from the position of a walker to the nearest boundary 
of a domain is the most time consuming part of a Monte Carlo 
procedure 14-61 this increase in average step size is significant 
since fewer steps would be required to complete a walk. 

A less accurate single formulation for all included angles is 
avaitabte [8]. obtained through application of the heat 
balance integral method, with less than about I?<, error for 
B,< 1. 
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1. INTRODUCTION 

IN THIS note, we summarize the results of a numerical study of 
natural convection in an annular porous layer. This work was 
undertaken in an effort to gain insight into the heat loss 
mechanisms associated with large insulated tanks. The 
original pr~~ntation of this work, as a conference paper [l], 
preceeded the publication of more comprehensive studies of 
the same geometry by Havstad and Burns [Z] and Prasad and 
Kulacki 131. Prior to the appearance of these papers, analyses 
were availableonly for planar porous layers,for which refs [4- 
73 are representative. Given the recent interest shown in 
annular porous layers. it seems appropriate to consider briefly 
the main results of ref. [ 11. A numerical method was used in 
thiswork thatisdifferentfrom themethodsusedineitherofthe 
other two studies cited. In addition, the effects of anisotropic 
permeabilityaregiven briefconsideration.Thepresent workis 
thus complementary to refs [2 and 31. 

2. THE VERTICAL, ANNULAR, 
POROUS LAYER 

The two-dimensional, axisymmetric configuration which is 
to be studied is illustrated in Fig. 1. The height of the layer is 
denoted by H, the thickness by W, and the inner and outer 
radii by R, and R,, respectively. All boundaries of the annular 
region are impermeable. Both horizontal boundaries are 
adiabatic and the vertical boundaries are maintained at con- 
stant temperatures 7; and ‘& where it is assumed that K > 
To_ The annular region is filled with a rigid, fluid-saturated, 
porous medium. Gravity acts in the negative z-direction. In 
general, the permeability in the radial direction can differ from 
that associated with the vertical direction. 

It is convenient to normalize all lengths with respect to the 
inner radius Ri. The annular region can then be represented by 

an equivalent annular region with an inner radius of unity, a 
height of H/R,, and a thickness of W/R,, where W = Ro-R,. 
Then, the annular region can be defined by specifying the layer 
aspect ratio H/W and the nondimensional height H/R,. These 
latter two parameters are utilized in the presentation of the 
numerical results. 
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FIG. 1. The vertical, annular, porous layer. 
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3. MATHEMATICAL FORMULATION 

The porous matrix is assumed to be rigid and the fluid 
incompressible with density changes occurring only as a result 
of changes in the temperature according to 

P = Poll -B(T - &)I (1) 

where p is the fluid density, T is the temperature, /I is the 
coefficient of thermal expansion, and the subscripts refer to 
reference conditions. In accordance with the Boussinesq 
approximation, the effects of fluid density changes are 
accounted for in the buoyancy term in the equations of motion 
and are neglected elsewhere. All other fluid and solid 
properties are assumed constant. It is also assumed that the 
fluid and matrix are in thermal equilib~um and that the fluid 
motion can be adequately described by Darcy’s law. The 
equations of continuity, motion, and thermal transport can 
then be expressed, respectively, as 

I” dP ji 

k 
--u= -m’ k,,  --w = -g +wB(T-T,) (3) 

rr 

where the radial coordinate direction is denoted by I and the 
vertical direction by Z. The pressure term P represents the 
quantity (P+pO& where B is the pore volume averaged 
pressure. The bulk volume averaged Darcy velocity 
components associated with the@, z) coordinates are denoted 
by (u, w). The symbols K,, c, p, and 9 are, respectively, effective 
thermal conductivity, fluid specific heat, viscosity, and 
acceleration of gravity. The intrinsic permeabilities in the 
radial and vertical directions are given by k,, and k,,, 
respectively. Although the large majority of numerical results 
are for the isotropic case, k,, = k,,, the effects of anisotropy are 
evaluated for one specific geometry. 

Rather than solvingequations(2~4)dir~~y, thenumerical 
method to be considered subsequently utilizes the scalar 
equation for pressure 

obtained by combining equations (2) and (3). Elimination of 
the velocity components from equation (4) through use of 
equations (3) provides an equation which can be solved 
simultaneously with equation (5) for the pressure P and 
temperature T. Dar& law, as given by equations (3), can then 
be used to obtain the velocity field. 

In order to complete the mathematical description, 
appropriate boundary conditions must be specified for the 
specific problem under consideration. Since all boundaries of 
the porous layer are impermeable, the velocity component 
normal to a boundary must vanish on the boundary. The 
horizontal boundaries are insulated ; hence, the condition of 
zero heat flux normal to the boundary is imposed. Finally, the 
temperatures on the inner and outer boundaries are specified 
by I; and TO, as indicated in Fig. 1. 

Equations (2H4) can be rendered nondimensional in such a 
way that the only new parameters which result, other than the 
geometrical ones already discussed, are the ratio of 
permeabilities (k,,/kz,) and the Rayleigh number 

This pat titular nondimensionalization is accomplished by 
selection of Ri as a reference length, (~,/p,,cR~) as a reference 
velocity, and (pch-Jp,ck,z) as a reference pressure. A suitable 
nondimensional temperature is given by (T - TJ/(T - TO). 
The total nondimensional heat transfer rate across the annular 

t!MT 28:3-N 

layer can be expressed in terms of the Nusselt number 

where Q is the total heat transfer rate and the denominator is 
the rate at which heat is conducted across the layer. We thus 
anticipate the following functional relationship among the 
various nondimensionai parameters : 

Nu = f @a, k,,ik,,, HIW, H/R,). (8) 

It is this relationship which is investigated numerically. 

4. COMPUTATIONAL APPROACH 

Numerical solutions to equations (3H5) were obtained 
through use of a finite element computer program [g, 91 based 
on the Galerkin form of the finite element method. In the 
present study, we have considered only steady, axisymmetric, 
natural convection. Hence, our discussion will be limited to a 
briefdescription ofthe specific numerical approach utilized for 
the solution of the problem at hand. 

Implementation of the finite element method is ac- 
comptished by first dividing the region of interest into a 
number of simply shaped subregions, or finite elements. Then, 
within each element, a set of nodal points is established at 
which the dependent variables u, w, P, and T are evaluated. 
Thedependent variables are represented within an element by 
suitably chosen approximating (basis) functions. In the 
particular method utilized in the present study, the pressure 
and temperature are approximated using quadratic basis 
functions and the velocity components are taken to be linear 
within each element. Application of the method of weighted 

FIG. 2. Finite element grid and representative isotherms and 
streamlines for Ra = 100, H/W = 6, and H/Ri = 4. 
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residuals then results in a system of coupled, nonlinear, 
algebraic equations for the nodal point unknowns u, w, P, and 
T. A numerical procedure based on Picard iteration was used 
to obtain converged solutions for the steady-state problem. 
The solution of the system of algebraic equations was 
accomplished by a frontal elimination procedure which is a 
special variant of Gaussian elimination. The solution was 
assumed to have been adequately converged when the 
maximum difference between successive iterates of the tem- 
perature divided by the local temperature was less than the 
prescribed tolerance of lo-’ for all nodal points. For this 
convergence tolerance, the average Nusselt numbers 
computed for the inner and outer walls differed by less than 
0.01%. 

For purposes of analysis, the annular layer was discretized 
using a 10 x 20 mesh of eight-node, quadrilateral elements, 
with the thickness divided into ten equally spaced increments. 
The element spacing was graded in the vertical direction in 
order to provide increased resolution in regions where large 
spatial gradients of the dependent variables exist. A 
representative finite element grid is illustrated in Fig. 2. 

Ra HIRi=Z H/Ri=4 HIRi=8 

25 0 a 0 
50 .3 A A 

100 0 8 F 

Based on studies which we have reported previously in 
relation to planar geometries [7], it is anticipated that the 
number of elements used inthe analysis is significantly larger 
than that required for acceptable accuracy. Furthermore, a 
recent study, reported by Reda [lo], has shown excellent 
agreement between experimental results and predictions 
based on the computer program described in refs. [S and 91. 
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FIG. 3. Numerically predicted values for the Nusselt number. 
Solid and dashed curves are predictions from equation (9) for 

H/Ri = 2 (solid) and 8 (dashed). 

5. NUMERICAL RESULTS 

5.1. Hear transfer rate 
Numerically determined values for the total heat transfer 

rate across the annular layer are tabulated in Table 1 for the 
case of isotropic permeability, with Rayleigh numbers in the 
range 25-100 and aspect ratios and ratios of layer height-to- 
inner radius ranging from 2 to 8. This information is also 
presented graphically in Fig. 3. Prasad and Kulacki [3] have 
compared our results with those obtained in their studies. For 
aRayleighnumberof lOOandaspectratiosof2,4,6,and& they 
found a maximum difference of 4.8% between the two sets of 
computed Nusselt numbers. Since the results of Prasad and 
Kulacki [3] also compared favorably with those of Havstad 
and Burns [2], we conclude that our results are consistent with 
those previously published. 

In Table 2, the results of a preliminary study of the effects of 
anisotropic permeability are presented. In ref. [4] it is 
indicated that the effective permeability of fibrous insulating 
materials may vary by a factor of two depending on the flow 
direction relative to the fibers which make up the insulation. 
Hence, the results of Table 2 were computed assuming a 
permeability ratio k,,/k,, of 0.5 for an aspect ratio of 6 and a 
height-to-inner radius ratio of 4. The total heat transfer rate 
was reduced over that computed for the case of isotropic 
permeability. Although the maximum reduction in heat 
transfer rate was only 2.50/ reductions of this magnitude can 
be significant in certain applications of thermal energy 
storage. 

5.2. Thermal ff~ld,~ow~elds 
The ranges ofparameters chosen for study were selected on Plots of representative isotherms and streamlines, as 

the basis of their correspondence to systems of practical calculated for an aspect ratio of 6 and a height-to-inner radius 
importance. The numerical results for these cases were ratio of 4, are presented in Fig. 2 for a Rayleigh number of 100 
obtained in relatively few iterations and at modest and isotropic permeability. The isotherms are equally spaced 
computational cost. Solutions at higher Rayleigh numbers are between nondimensional values of I and 0 at the inner and 
also possible though the computational expense is somewhat outer surfaces, respectively, where the nondimensional 
higher due to an increase in the number of iterations required temperature is given by (T - T,)/(K - To). The streamlines are 
for convergence. The first-order iterative method presently equally spaced between a value ofzero for the nondimensional 
employed in the computer program imposes a practical limit stream function on the boundary of the layer and a maximum 
on the convergence of steady-state Bows. For the present value of 15.084, where the stream function is rendered 
problem, satisfactory convergence cannot be easily attained nondimensional by division by the quantity (x,RJp,c). The 
for Rayleigh numbers greater than 300 when the aspect ratio is location of the maximum value for the stream function is 
unity. indicated by the small cross on the figure. 

Table 1. Numerical results for Nusselt number as a function of Rayleigh number Ra,aspect ratio H/W, and height-to-inner radius 
ratio H/R, 

HIW 

2 
4 
6 
8 

Ra 
H/R, = 2 H/R, = 4 H/Ri = 8 

25 50 100 25 50 100 25 50 100 

1.379 1.951 2.904 1.323 1.811 2.613 1.237 1.621 2.249 
1.230 1.619 2.335 1.214 1.572 2.229 1.181 1.492 2.060 
1.157 1.427 1.965 1.150 1.408 1.920 1.135 1.370 1.834 
I.118 1.323 I.741 1.115 1.313 1.717 1.107 1.292 1.670 

-- 
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Table 2. Numerical results for Nusselt number Nu’ for 
anisotropic permeability (k,,/k,, = 0.5) as a function of 
Ravleinh number Ra for H/W = 6 and H/R; = 4. The Nusselt 
number Nu for isotropic permeability. is included for 

comparison 

Ra NU’ NU 

25 1.128 1.150 
50 I.312 1.408 

100 1.878 1.920 

5.3. Approximate solutionfor large aspect ratio 
An approximate analysis, for large aspect ratio, can be 

developed by following the approach of Burns,Chow andTien 
[7] who, in turn, utilized reasoning originally proposed by 
Batchelor [ 1 l] in his studies of natural convection in closed 
cavities. A similar approach was also utilized by Havstad and 
Burns [2]. 

Although for brevity we omit the details of the analysis, it 
can be shown that the Nusselt number can be approximated 

by 

Nu = 1 +yRaF(m)/(~/Ri), (9) 

fn4 mz-1 
- __-...- + 

2(mz - 1) 8(ln m)’ 1 UO) 
and m is the ratio (R,/R,). This result differs in form from that of 
Havstad and Burns [2] owing to the definitions used for the 
Nusselt and Rayleigh numbers. Based on the assumptions 
inherent in the analysis, it is anticipated that the approximate 
solution will be most valid for large aspect ratios and small 
Rayleigh numbers. In general, the factor y is a function of all 
the parameters identified in equation (8). Equation (9) is, 
however, most useful if y can be replaced with a suitably 
selected constant. For comparative purposes, the values of y 
predicted from the numerical results of Table 1 for an aspect 
ratio of 8 were averaged to yield a value of 0.585. Using this 
value, the Nusselt numbers predicted by equation (9) are 
plotted in Fig. 3. In ref. [2] a value of057 is quoted for y, which 
differs by only 3”/, from our result. 

It is seen that the approximate results compare favorably 
with the numerical predictions for large aspect ratios and 
small Rayleigh numbers. An effect ofcurvature is apparent in 
the dependence of Nusselt number on the height-to-inner 
radius ratio H/R,. This parameter is related to the radius ratio 
m (as used bv Prasad and Kulacki f31) bv H/R, = (H/WI 
(ml 1). The agreement with the asymptot& theory is Seen 
to improve as the radius ratio approaches unity, in agree- 
ment with the observations of Havstad and Bums [2] and 
Prasad and Kulacki [3]. 

6. CONCLUDING REMARKS 

We have used a computer program based on the Galerkin 
formofthefiniteelement method to performanumeri~lstudy 
of steady, natural convection in a vertical, annular, porous 
layer. It was assumed that a constant temperature difference 
was maintained between the lateral surfaces of the layer. 
Numerical predictions of the heat transfer rate were obtained 

for Rayleigh numbers in the range 25-100 with aspect ratios 
and height-to-inner radius ratios ranging from 2 to 8. The 
range of parameters investigated was chosen to be typical of 
those associated with insulated tanks of the type used for 
thermal energy storage systems. Plots of representative 
isotherms and streamlines were presented for a typical 
geometry. The effects of anisotropic permeability were 
investigated in a preliminary manner. 

For the range of parameters studied, the results indicated 
that the presence of natural convection in the annular layer 
could increase the heat transfer rate by a factor of as much as 
2.6 times that due to thermal conduction. The preliminary 
study of the effects of nonisotropic ~rmeability suggests that 
the overall heat transfer rate could be reduced by 2 to 3% 
provided thefibrousinsulationisproperlyorie~ted.Thislatter 
result was obtained for an aspect ratio of 6 and a height-to- 
inner radius ratio of4for Rayleighnumbers ranging from 25 to 
100. In general, the effects of anisotropic permeability will 
depend on the specific values chosen for the parameters 
involved. 
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